Abstract. We present a simple exact formula for the three point velocity correlation functions in two dimensional turbulence which is valid on all scales and which interpolates between the direct and inverse cascade regimes. As expected, these correlation functions are universal in these extreme regimes. We also discuss the effect of anisotropy and friction.
A model and its hypothesis. As usual, to statistically model turbulent flows we consider the NavierStokes equation with an extra forcing term. Let u j (x, t) be the velocity field for an incompressible fluid, ∇ · u = 0. In two dimensions the incompressibility implies that u(x, t) derives from a stream function Φ such that u k = ǫ kj ∂ j Φ with ǫ kj the antisymmetric tensor. The Navier-Stockes equation reads:
with p the pressure and f (x, t) the external force such that ∇ · f = 0. We choose the force to be Gaussian, white-noice in time, with zero mean and two point function:
where C jk (x), with ∇ j C jk (x) = 0, is a smooth function varying on a scale L i , fastly decreasing at infinity and regular at the origin. The scale L i represents the injection length. We shall assume translation, rotation and parity invariance, unless otherwise specified. Let C(x) ≡ trC(x). Its Taylor expansion at the origin will be denoted as: C(x) = 2ǫ − ǫ w r 2 /2 + · · · with r 2 = x k x k . The transversality condition ∇ j C jk (x) = 0 ensures that C = ∇ k Θ k with Θ k (x) = ǫx k − ǫ w x k r 2 /8 + · · · at short distances. Physical interpretation of ǫ and ǫ w will be given later.
The vorticity ω, with ω = ǫ ij ∂ i u j , is transported by the fluid:
with F = ǫ ij ∂ i f j . The correlation function of the vorticity forcing term is thus:
with G = −∇ 2 C. In particular G(0) = 2ǫ w . The fact that the correlation function of the vorticity forcing is a gradiant will have physical consequences. Physically eq.(3) means that for smooth solutions any powers of the vorticity, and in particular the enstrophy ω 2 2 , is conserved in absence of viscocity and forcing.
Since the inviscid limit is of course not under analytical control, we have to make a few hypothesis which encode Kraichnan's scenario of inverse and direct cascades. The hypothesis are the following: (i) the velocity correlation functions are assumed to be smooth at finite viscocity and correlations of the velocity (without derivatives but at points coinciding or not) exist in the inviscid limit; (ii) Galilean invariant correlation functions, and in particular the velocity structure functions which are correlations of differences of the velocity field, are stationary; (iii) last but not least, in agreement with Kraichnan's picture, we demand that energy dissipative anomalies (but not enstrophy dissipative anomalies) be absent.
The two first hypothesis are standard in statistical approach to turbulence while the third one is special to two dimensions. It follows by demanding that the enstrophy density Ω = ω 2 2 is finite in the inviscid limit since the mean enstrophy density times the viscosity is equal to the mean dissipation rate, ν Ω = ν 2 (∇u) · (∇u) .
Velocity correlations. Let us look at the two point velocity correlation function u(x) · u(0) . As is well known, it satisfies the following equation at finite viscocity:
Here and in the following we shall denote velocity differences by (∆u (5) assumes translation invariance and uses the fact that the external force is Gaussian and white-noice in time. Thanks to the fluid incompressibility the pressure drops out from this equation. The strategy consists in taking various limits of eq. (5) in various orders. Let us take first the limit x → 0 followed by the inviscid limit. In this limit the second term in eq. (5) vanishes due to the assumed smoothness of the correlation functions, hypothesis (i). Recall now the hypothesis (iii) concerning the absence of energy dissipation. It in particular means that:
Therefore the third term in eq. (5) also vanishes. It implies that in the inviscid limit the mean energy increases with time according to:
Thus u 2 2 ν=0 = ǫ t up to a constant, and ǫ is indeed the energy injection rate. This is simply the obvious statement that in absence of energy dissipation, and/or in absence of friction or other processes by which the energy may escape, all energy injected into the system is transfered to the fluid. It is expected to be transfered to the mode with the smallest possible momentum, the so-called condensate [2] . In particular eq. (7) shows that in absence of energy dissipation a stationary state can not be reached although structure functions may converge at large time. This is one important difference between 2d and 3d turbulence.
Let us now assume that the two point structure function is stationary, ie. ∂ t (∆u)
2 (x) = 0, hypothesis (ii). From eq. (5) one obtains in the inviscid limit:
Integrating it using parity invariance gives:
with ∇ x ·Θ(x) = C(x). Eq. (9) together with eq.(16) below fully determine the three point velocity correlation. Although simple to derive, this equation seems not to have appeared in the existing literature 1 . Eq.(9) in particular shows that the inverse energy cascade takes place only if there is no dissipation anomaly, and thus only if the non-galilean invariant velocity correlation functions do not reach a stationary state (in absence of friction). Of course this is also a direct consequence of the physical fact that the energy condensates into the mode of smallest possible momemtum. As expected, eq.(9) yields to Kolmogorov's scaling at large scale, since there Θ k (x) vanishes, and Kraichnan's scaling at small scale since ǫx k − Θ k (x) ∼ r 3 at short distance. But one could be a little more precise.
Let us first consider the short distance behavior in which the Kraichnan's direct cascade takes place. This corresponds to scale much smaller than the injection length x << L i . There,
Assuming isotropy and parity invariance the three point functions will be linear combinations of terms proportional to
Among these two proportionality coefficients only one of them could be fixed using eq. (9) only. However, the other coefficient is fixed by using another exact result for correlation functions mixing the vorticity and the velocity which is described in the following, see eq.(16). This then gives for x → 0:
For the transverse and longitudinal correlations this becomes:
The coefficient ǫ w will be shown to be equal to the mean enstrophy dissipation rate in the following. Thus, as expected the 3-point velocity functions, which only depend on the enstrophy injection rate, are universal in the direct cascade. Eq.(11) may be called the "+1/8 law" of the direct cascade.
Consider now the large distance behavior in which the Kraichnan's inverse cascade takes place, ie. scale
There is two possible terms for the three point functions, (
2 whose coefficients can not be completely fixed using only eq.(9). But again these will be fixed by looking at the vorticity correlation functions, see below eq.(16). One then gets for x → ∞:
with ǫ the mean energy injection rate. Of course this gives the "+3/2 law" for the longitudinal statistics in the inverse cascade:
This law and Kolmorgorov's scaling as well as the existence of a condensate in which the energy is accumulating was experimentally verified in [6] .
Vorticity correlations. We now establish a formula for a mixed correlation function involving the vorticity and the velocity. Assuming that the structure functions of the velocity reach a stationary state implies that correlations of the vorticity also become stationary. The stationarity condition for the two point vorticity functions, ie. ∂ t ω(x)ω(y) = 0, implies:
with (∆ω)(x) = ω(x) − ω(0). As for the velocity correlations, let us first take the limit of coincident point x → 0 at finite viscocity. The first term in eq. (14) then vanishes by the hypothesis on the smoothness of the correlation functions at finite ν. Taking then the inviscid limit leads to:
This is just the usual statement on enstrophy dissipative anomaly. It equals the enstrophy dissipation rate and the enstrophy injection rate. Let us now take the limits in the reversed order, the inviscid limit first. In that case the second term of eq.(14) drops out and one gets:
Assuming isotropy and parity invariance this gives:
Thus this correlation is universal in the (UV) direct cascade regime. Its behavior at large scale depends on the way the forcing decreases at infinity. However the fact that these correlations decrease faster than O(1/r) at infinity is linked to the fact the vorticity forcing correlation is a gradiant. The ultraviolet behavior (16) was also described in [5] . As mentioned above, this equation may be used to fix the coefficients of the infrared and ultraviolet expansions of the three point velocity function left undertermined by eq. (9). (One should use the relation 3 (∆u z )(∆ω) 2 = 4∂ 2 z (∆u z ) 3 where u z is the velocity component in complex coordinates z = x + iy.) But eq.(16) alone would not have been enough to determine these asymptotic expansions.
Influence of anisotropy and parity symmetry breaking. Anisotropy is irrelevent both in the ultraviolet and in the infrared. Indeed, let us model anisotropy by incorporating higher spin components in the forcing correlation function C ij (x), assuming that they are still regular at the origin and decrease at infinity. These components will be subdominant in eq.(8) both in the ultraviolet (since the spin n component will behave as r n ) and in the infrared (since they also vanish at infinity). Suppose now that parity symmetry may be broken. Eq. (9) is still valid (since it only assumes translation invariance) except that
. This may change the ultraviolet scaling of the transverse velocity correlations but not the scaling of the longitudinal correlations (∆u) 3 although the amplitude may be modified.
Influence of friction. In physical systems the infrared energy cascade will terminate at the largest possible scale at which the energy will escape. This could be mimic by introducing a friction term in the Navier-Stokes equation which then becomes:
with τ the friction relaxation time, τ > 0. Friction brings another inviscid characteristic length L f into the problem: L f ≃ τ 3/2 ǫ 1/2 . It increases as the friction is reduced and one may suppose L i << L f . It is the length at which the energy is extracted. The friction term dominates over the advection term at scale bigger than L f . So the direct cascade should take place at distances x << L i << L f and the inverse cascade at
Under the same hypothesis as before, the mean energy density relaxes in the inviscid limit according to
It therefore reaches a stationary limit with u 2 = ǫ τ . Stationarity of the two point structure function, ie. ∂ t (∆u)
2 (x) = 0, then gives in the inviscid limit:
Similarly, the stationarity of the vorticity correlations gives an equation similar to eq. (14) but with an extra term representing the friction. As for the case without friction let us first take the limit x → 0 at finite viscocity and then the inviscid limit. Let us denote by ǫ w = 1 2 G(0) the enstrophy injection rate and by ǫ w = lim ν→0 ν (∇ω)
2 (x) the enstrophy dissipation rate. One then gets: ω 2 = τ (ǫ w − ǫ w ) with ω 2 = lim ν→0 ω 2 (x) . It simply means that the enstrophy density is equal to the difference of the enstrophy injection and the enstrophy dissipation rates times the friction relaxation time. In particular, if τ is finite so is the enstrophy density. As a consequence the vorticity two point correlation function ω(x)ω(0) will stay finite since it is bounded by ω 2 . Taking the limit in the reversed order, first ν → 0, yields to the inviscid stationary equation:
Let us look at small distances in which the friction should be irrelevent. Let Ω = lim x→0 ω(x)ω(0) , which is expected to be equal to τ (ǫ w − ǫ w ) although nothing prevent it to be different. Since Ω < τ ǫ w , the second term in the l.h.s. of eq.(19) cannot dominate and ∇ k x (∆u k )(x) (∆ω) 2 (x) ≃ const. as x → 0. This implies that the velocity three point function (∆u) 3 scale as r 3 . In other words, Kraichnan's scaling of the three point function is robust to friction in the direct cascade although the amplitude may change.
More precisely, suppose that Ω is finite and non-vanishing. Then the scaling formula (10) for the three point function still holds but with ǫ w replaced by (ǫ w τ − Ω)/τ . Recall that it is likely that (ǫ w τ − Ω)/τ is equal to the enstrophy dissipation rate ǫ w , meaning that in presence of friction one has simply to replace the injection rate by the dissipation rate in formula (10). Moreover, the finiteness of the vorticity two point function at coincident points also implies that: (∆u)
. It means that the UV energy spectrum is
without any logarithmic correction. This scaling may be broken only if Ω = lim x→0 ω(x)ω(0) ν=0 vanishes. It is worth specifying more precisely in which scale domain eq.(20) will be valid. At finite viscocity, there are two ultraviolet characteristic lengths, the usual dissipative length r d ≃ ν 3/4 ǫ 1/4 and another friction length l f ≃ ν 1/2 τ 1/2 above which friction dominates over dissipation. Since r d << l f in the limit we are considering, ν → 0 and τ fixed, eq.(20) will be valid for l f << x << L i .
Let us now consider distances larger than the injection length L i but smaller than the friction length L f . Then, 2ǫ − C(x) ≃ 2ǫ and positivity argument cannot be applied. However, unless miraculous cancelations between the two terms in the l.h.s. of eq. (18), (which would mean that the domains in which advection or friction dominate intertwine), the correlation (∆u k )(x) (∆u) 2 (x) will still scale as r. But clearly this argument is less robust than the one used for the short distance analysis.
Conclusions. Besides giving the expected formula for the 3-point velocity correlation functions, this short proof also indicates that if the inverse cascade takes place, as experimentally verified, then, in absence of friction, the non-Galilean invariant velocity correlation functions do not become stationary, although structure functions do. However, it gives no hints on how to decipher the behavior of the vorticity, one of the main challanging problems of two dimensional turbulence.
